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An example of convex heptagon with Heesch number one

Yoshio AGAOKA

Department of Mathematics, Faculty of Integrated Arts and Sciences
ima 739-8521, Japay
e-mail address: agaoka@mis.hiroshima-u.ac.jp

Abstract: We give an example of convex heptagon whose Heesch number is just equal to one, and
among fourteen kinds of edge-to-edge coronas of this tile we present some of them, one of which
admits a family of continuous deformations.
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1. In this paper we consider edge-to-edge monohedral tilings of a region of the Euclidean
plane by convex polygons. A tiling is called edge-fo-edge the
interior of an edge of any other polygon, and is called monohedral if the region of the plane is tiled
by congruent or reflected copies of a prototile 7. For definitions of sevex fi nd a ental concepts
on tilings, see [18], [29].

It is well known that any triangle, or any quadrangle including the non-convex one can tile the
whole plane monohedrally, but any convex -gon with # > ¥ dees net admit a menehedral tiling.
howed that there are three classes of convex hexagons that

can tile the plane monohedrally, and as for the pentagon, we now know 14 classes of convex
pentagon admitting a monohedral tiling. But the classification for the pentagonal case is not
completed yet. For the detailed results and the complicated history of the classification of
monohedral tilings by convex polygons, see the references listed up at the end of this paper. The
present situation is extensively summarized in the excellent book Griinbaum-Shephard [18;
1, [28], [32].) A similar problem for the spherical case is also

interesting and is considered in the te.

2. On the other hand, concerning local tilings of the plane, the concept “Heesch number”
was introduced in order to measure the ability of a tile to tile the plane to what extent. To explain
this concept, we first consider a “corona” of a tile. A corona is a tiling around one tile T by
congruent or reflected copies of T such that no point of T cannot be visible from the exterior in the

minimal condition: If we drop one tile from this local tiling
around 7, then a part of T is visible from the exterior. Starting from one tile 7, we construct a
corona around 7, and next we construct a second corona around the first corona, satisfying the
same conditions as above, where we replace T with the first corona in this case. We continue to

repeat this procedure until we cannot construct a new corona. Among several construction of
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and we here only sketch an outline of the proof. First, it is an easy task to check that the above
figures actually give coronas of the central heptagon. In addition, if a vertex of surrounding tiles
lies on the interior of an edge of the central heptagon, then an exterior angle 20° or 80°
necessarily appears in some place, and so we cannot construct a complete corona. Hence any first
corona of this tile must be edge-to-edge. By an elementary argument we can also show that any

coronas necessarily contain the following partial tiling:

And we can fill the upper exterior part of this figure essentially in a unique way up to an axial
reflection. Also there are essentially eight ways to fill the lower exterior part, two of which are
axially symmetric. By considering all combinations up and below, we know that there are exactly
idean transformations. For all these coronas an angle 40°
appears as an exterior angle, and so we cannot construct a second corona in any case, which
shows that the Heesch number of this tile is exactly one.
The most fundamental part of the proof is to ensure the existence of an equilateral convex
heptagd™ satisfyf‘-‘g the cd=ditid™s e angles and lengths of
edges cannot be independently chosen uires many calculations.

But in this case ¥ can ®asily see the existence by drawing two line segments in the tile as follows:
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By this figure we know that the desi congruent tra;;ekod S

and one equilateral triangle. And thus we obtain Theorem. q.e.d.



An example of convex heptagon with Heesch numbew ne 121

*  Consider similar problems not only 1 ine, conformal or

projective geometry, as Bowers-Stephenson [5] and Benoist [2] have done.

Note that, concerning the second problem, there are infinitely many such heptagons. In fact the

corona exhibited left below can be continuously deformed to the right one:

1

0= 100° 0=110°

The angles of this deformed equilateral heptagon are given by 60°, 360°— 26, 6 + 60°, 6, 300° —
20, 0 + 60°, 0 + 60° (90° < 0 < 120°) counterclockwise from the top. The existence of such a
heptagon is ensured by the same method as in Theorem. In this case the heptagon is constructed
from one equilateral triangle and two trapezoids with interior angles 300° — 26, 26 — 120°, 180°
— 0, 6. In case 0 = 120° this heptagon degenerates to a trapezoid ayd iy case 6 = 90° it reduces
to a hexagon of Type 1, Type 2 listed in [18; p.494]. The case 6 = 110° is interesting among this

family of heptagons because a corona of special type appears in this case.
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